ITP-UH-23/05 



hep-th/05l"T234| 



Renormalizability of non-anticommutative 
J\f = (1,1) theories with singlet deformation 

I.L. Buchbinder E.A. Ivanov O. Lechtenfeld 
I.B. Samsonov B.M. Zupnik ^5 

Department of Theoretical Physics, Tomsk State Pedagogical University, 

Tomsk 634041, Russia 

"I" Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 

Dubna, 141980 Moscow Region, Russia 

^ Institut fiir Theoretische Physik, Universitdt Hannover, 
Appelstrafie 2, D-30167 Hannover, Germany 

* Laboratory of Mathematical Physics, Tomsk Polytechnic University, 
30 Lenin Ave, Tomsk 634050, Russia 

Abstract 

We study the quantum properties of two theories with a non-anticommutative (or nilpo- 
tent) chiral singlet deformation of A/" = (1, 1) supersymmetry: the abehan model of a 
vector gauge multiplet and the model of a gauge multiplet interacting with a neutral 
hypermultiplet. In spite of the presence of a negative-mass-dimension coupling constant 
(deformation parameter), both theories are shown to be finite in the sense that the full 
effective action is one-loop exact and contains finitely many divergent terms, which van- 
ish on-shell. The /3-function for the coupling constant is equal to zero. The divergencies 
can all be removed off shell by a redefinition of one of the two scalar fields of the gauge 
multiplet. These notable quantum properties are tightly related to the existence of a 
Seiberg-Witten-type transformation in both models. 
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1 Introduction and summary 



Recently, there was a string-theory motivated PP surge of interest in non-anticommutative 
deformations of Euchdean superspaces and the corresponding deformed supersymmetric 
field theories [2] - [21] ■ The non-anticommutative (or "nilpotently deformed") field the- 
ories, introduced and studied in [T1I2], provide an effective description of the low-energy 
dynamics of D-branes in superstring theory in the presence of constant graviphoton flux. 
Their possible physical applications, as established in are related, e.g., to modifica- 
tions of the glueball superpotential and the expectation value for the glueball field in 
M = 1 supersymmetric field theories. The non-anticommutativity is also of interest from 
the phenomenological point of view, since it provides a new mechanism for the explicit 
partial breaking of supersymmetry. When such a deformation is turned on, only a part 
(generically, half) of the original supersymmetry remains realized in a standard way and 
can still be regarded as a symmetry of the deformed field-theoretical model. The study 
of field theories in non-anticommutative M = (1/2, 1/2) superspace, initiated by ref. j2], 
was soon extended to the case of non-anticommutative M = (1, 1) superspace [Hllll. 

Non-anticommutative field theories require new geometrical structures for their con- 
cise formulation, which is one more source of interest in such theories. The non-anticom- 
mutativity brings additional parameters which lead to the deformation of the anticom- 
mutation relations for the Grassmann coordinates of superspace, e.g. {6°', 6^}^ = C"^ 
in Af = (1/2,1/2) superspace or {9^,6^}^ = Cff for TV = (1,1) superspace 0, 
with C^^ and C^^ being constant matrices. The deformed models are described in 
superspace by introducing the ^^-multiplication of superfields which is associative but 
non(anti)commutative [5]. This means that the deformed models are obtained from the 
conventional supersymmetric ones just by replacing the usual multiplication of superfields 
by the i^r-product. In such a way, the Wess-Zumino and super Yang-Mills (SYM) models 
in non-anticommutative N = (1/2,1/2) Euclidean superspace were constructed in 
The non-anticommutative versions of the A/" = (1, 1) vector multiplet and hypermultiplet 
in the A/" = (1, 1) harmonic superspace approach were pioneered in A more detailed 

treatment of these J\f = (1, 1) models, including the analysis of the component structure 
of the actions respecting unbroken A/" = (1, 0) supersymmetry, was undertaken in [U] - 

The non-anticommutative field theories reveal surprising quantum properties. An 
amazing feature is that, for all currently studied examples, the renormalizability properties 
of deformed theories are not spoiled as compared to the case without deformation. More 
specifically, non-anticommutative A/" = (1/2,0) supersymmetric Wess-Zumino and Yang- 
Mills models were proved to be renormalizable jT2| - ^H]- From the field-theoretical point 
of view this property looks rather mysterious since such models contain the parameters 
of non-anticommutativity C"^ with mass dimension —1 and, by naive power-counting 
arguments, should be divergent at any order of perturbation theory. However, a key 
feature of non-anticommutativity is that all such models are consistent only in Euclidean 
space where the reality properties radically differ from those in Minkowski space. An 
important manifestation of this difference in the quantum computations is that the new 
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vertices appearing with the parameters C"^ are not accompanied by their conjugates 
and, for this reason, only finitely many divergent Feynman graphs with new divergencies 
appear. For example, for the non-anticommutative Wess-Zumino model it was shown that 
only a single new divergent term should be added to the classical action, and the model 
where such an extra term is added from the very beginning is renormalizable in the usual 
sense [T^ IT^ [T3] . The non-anticommutative super Yang-Mills model was also proved 
to be renormalizable using component field formulations [13 UHl CZl UH] and superspace 
techniques [12]. Note that, in Af = (1/2,0) gauge theories, quantum computations in 
components also produce new field structures which are not present in the classical action 
but, in contrast to the Wess-Zumino model, can be removed from the effective action by 
a simple shift of the gaugino field JHl- Thus, A/" = (1/2, 0) non-anticommutative theories 
provide interesting examples of renormalizable field theories with dimensionful coupling 
constants, i.e. the deformation parameters. 

The study of theories with non-anticommutative deformations of A/" = (1, 1) super- 
symmetry is more involved. In particular, there are different types of chiral deformation 
of A/" = (1, 1) superspace related to different choices of constants C"j^ = {6^, Oj}-^ . The 

simplest case Cj^f = 2Ie"^eij is called the singlet deformation [3 Hj. The M = (1,1) 
classical models with singlet non-anticommutative deformation have been constructed in 
[3 13 El- Note that the singlet non-anticommutative deformations of A/" = (1,1) super- 
space also emerge from string theory considered on the axionic background ||^. The case 
of non-singlet deformations was considered in [101 E|, where the structure of the classical 
action of the super Yang-Mills model was studied in some detail. In this paper we will 
analyze only models with singlet deformation, which can be described using the following 
Af = (1, 1) superfield T*r-product [3], 



where are the A/" = (1,1) supercharges and / is the parameter of singlet non-anti- 
commutativity. The multiplication (jl.l|) breaks A/" = (1, 1) supersymmetry by half, i.e. 
down to A/" = (1,0). Nevertheless, this deformation preserves chirality and Grassmann 
harmonic analyticity I3J and therefore suits well for the use of A/" = 2 harmonic superspace 
techniques. The classical superfield actions for non-anticommutative J\f = (1,1) models of 
the vector multiplet and the hypermultiplet were constructed in harmonic superspace in 
[3]. The component structure of these actions was studied extensively [HIIZIIH]- However, 
the quantum aspects of such models have never been studied. In particular, the problem 
of the renormalizability of these models and the problem of constructing the effective 
actions have not been addressed so far. The study of these issues is of substantial interest 
since the renormalizability of deformed A/" = (1, 1) models is not evident and we can 
expect that the effective action in the case under consideration will possess a number of 
very nontrivial properties. 

By this paper we begin a systematic study of quantum aspects of the non-anticommu- 
tative models with deformed A/" = (1,1) supersymmetry. Here we answer affirmatively the 
question of renormalizability for non-anticommutative models of the abelian J\f = (1, 1) 




(1.1) 
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vector multiplet ^, with and without adding a neutral hypermultiplet, in the case of a 
singlet deformation of the form (jl.lj) . The renormalizability of these models can be for- 
mally established by applying the Wilsonian renormalization group arguments, developed 
previously for M = (1/2,0) supersymmetric models in ^H]- To find the structure of di- 
vergent terms in the effective action we perform the one-loop quantum computations and 
observe several specific properties of the two models. First, the divergent terms appear 
only in the vector loop in the SYM model or in the scalar loop in the hypermultiplet 
model. The external lines must carry only the scalar belonging to the vector multiplet. 
The fermionic contributions are trivial. Second, all divergent contributions combine in 
two gauge invariant and M = (1,0) supersymmetric expressions depending on the single 
scalar field only and vanishing at the classical equations of motion. These two divergent 
terms represent new interactions which were not present in the classical actions of the 
considered models. However, they do not spoil the renormalizability since they can be 
completely absorbed into a redefinition of the second scalar field (f). This situation is very 
similar to the M = (1/2, 0) gauge model studied in JBi? where it was shown that the non- 
ant icommut at ive interaction also generates new terms in the effective action which can 
be eliminated from the theory by a shift of the gaugino field. Third, we demonstrate that 
the appropriate change of fields in the classical actions (a Seiberg-Witten-like map) EI 
allows one to completely avoid any divergence in the effective action. This fact emphasizes 
that the divergencies are unphysical from the standard point of view. 

Despite the disadvantage that the considered theories have to be regarded as a sort 
of toy models, they are relevant for the quantum structure of non-abelian non-anticom- 
mutative SYM theory, since they appear as a U(l) sector in non-anticommutative U(A^) 
gauge theories. Hence, the proof of renormalizability of the abelian vector multiplet and 
hypermultiplet models is a prerequisite for the analogous study of the deformed U(A^) 
J\f = (1, 1) gauge theories. Moreover, the results obtained support the hypotheses that 
the non-anticommutative deformations of supersymmetry cannot spoil the renormaliz- 
ability of supersymmetric theories and provide a way of construction of renormalizable 
supersymmetric models with partially broken supersymmetry. 

The paper is organized as follows. In Section 2 we compute the one-loop effective action 
in the non-anticommutative Af = (1, 1) abelian gauge theory formulated in terms of com- 
ponent fields and prove the renormalizability of this model. In Section 3 we prove, in the 
same way as for the pure gauge theory, the renormalizability of the non-anticommutative 
deformation of a coupled system of neutral hypermultiplet and abelian gauge multiplet. 
In Section 4 we study the interplay between the Seiberg-Witten map and the problem 
of renormalizability of the considered models. Section 5 contains the conclusions and 
some discussion of the results obtained. In the Appendix we collect the formulas for the 
regularization of divergent momentum integrals which are met in the calculations of the 
effective action, and we also list the corresponding Feynman diagrams. 

We follow the conventions and notation of refs. jHllZI- 

^Although the model under consideration has U(l) gauge symmetry, it is interacting due to non-an- 
ticommutativity. 
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2 Renormalizability of non-anticommutative abelian 
J\f = (1,0) supergauge theory 

The classical superfield action of A/" = (1, 1) non-anticommutative U(l) gauge model was 
given in 13 m ini 

SsYM = \j d'zJuW'. (2.1) 

Here W is the A/" = (1, 1) superfield strength which is covariantly chiral, ^ W = 
(Z)*^ + Al^-k)W = , d^Zc = is the integration measure of the chiral superspace and 

du stands for the integration over the harmonic variables. The action (j2.H) is invariant 
under the deformed U(l) gauge transformations 

(5>V= [W,A]^ = W^A-A^W, (2.2) 

where A is an arbitrary analytic superfield and the T*r-product was defined in (jl.lj) . 
The covariantly chiral superfield W can be decomposed into usual chiral superfields 

w = A + e+T"" + (r ) ^ (2.3) 

with D^i^A = Dl^T~°' = D^T'"^ = . It is easy to demonstrate that only the superfield A 
contributes to the action ()2.H) ^ 



4 

The component structure of A was found in jB] 

A{Zc, U) = [0 + —J- + 



SsYM = 7 / d'^zJuA'. (2.4) 



l + 4/(/) 1 + 4/0 ' 
+26'+[^"H — '■^] -[^+ + 



1 + 4/0 ' 1 + 4/0' 1+4/0 

_2rn (r..„r)(F.„ - ^^fc' 

1 + 4/0^ 1 + 4/0 ^ ^ 1 + 4/0 

+22(^-)2^+a™9™-^^ + 2«(e+)'(l + 4/0)^-a™9, ^ 



1 + 4/0 ' ' ' 1+4/0 
+)'(e-)'n0. (2.5) 



Here = V^^uluJ , V+- = V'^uju^ , 0, are the scalar fields, = ^>f , ^ 



^'^^Uj are the spinors, A^ is the vector field, V is the auxiliary field. Substituting the 
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expression ()2.5p into the action ()2.4p we find 



SsYM 



Sd, + + Sa, 



1 + 4/0 
ATA a "-^ 



+ - / <fx- 



1 + 4/0 

'8/^i^j° 



1 + 4/0 



(2.6) 
(2.7) 



1 + 4/0 



1 + 4/0)2 \^ 1 + 4J0 




4/0 



(21 



Sa 



d X 



-\a.UA. - U^A^d^A. + \a.A.UHI + 4/0) 



-EranrsdrAsAndm ln(l + 4/0) + -A„A„(9^ ln(l + 4/0)(9^ ln(l + 4/0) 



--AmAr^d^ ln(l + 4/0)9, ln(l + 4/0) + ln(l + 4/0) 



. (2.9) 



At this step it is convenient to ehminate the auxihary field using its classical equation 
of motion = — 8/^^^^-'"/(l + 4/0), then the terms in the second line of ()2.8p disappear 
and the action S*^ simplifies to 



d^X ^''^ + 



4:IA^,a. 



m a 



1 + 4/0 



1 + 4/0 



(2.10) 



Note that model ()2.fi|l is formulated in the Euclidean rather then Minkowski space. This 
means that the fields 0, and ^^J^, are not conjugated to each other. 

Before continuing with the quantization of the model ()2.6|) we would like to adduce 
here some intuitive arguments in favour of the renormalizability of this theory. Following 
the work P3j, we will use the Wilsonian approach [22] which ensures the renormalizabil- 
ity of lagrangians containing a finite number of local operators with scaling dimensions 
not greater than four. The lagrangian (|2.6|) contains a finite number of local operators 
(interaction terms), but the dimensions of some of these operators are greater than four. 
For example, the interaction terms 



n0^m^m 
1+4/0 



D(j)dm(j)dm< 
1+4/0 



:2.ii) 



in (j2.7j) have mass dimensions 5 and 7, respectively. Therefore, the arguments of Wilsonian 
approach cannot be directly applied to the action (j2.6|) . However, in it was proposed 
to ascribe non-standard scaling dimensions to the fields involved. Following this way, let 
us suppose that the dimensions of the coordinates of AT = 2 superspace are 



[0- 



0, 



[9^ 



-1, 



X" 



-1. 



:2.i2) 
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Then it is easy to see that the dimensions of physical component fields should be as 
follows, 

[0] = 2, [^] = 0, [A^] = l, . . 

[^i°] = 0, = 1 

and the parameter of non-anticommutativity is dimensionless, [I] =0. When the asym- 
metrical scaling dimensions ()2.13|) are assumed, the operators ()2.1H) . as well as other 
interaction terms in (j2.6|) . acquire the desired mass dimension 4. Therefore, such a model 
has to be renormalizable on formal grounds by applying the Wilsonian argument. Note 
that one can choose the asymmetrical scaling dimensions (j2.13|) just because the fields 
and as well as \E'*°' and ^^"^ are not related to each other by conjugation. The above 
argument based on the relations ()2.13|) is useful only for establishing the very fact of 
renormalizability and does not provide any specific rules for performing the renormaliza- 
tion and/or clarifying its details. Having established the renormalizability of the model 
in principle, we henceforth adopt the standard canonical dimensions for all fields. 

Now we are going to consider the quantization of the model ()2.6|) in order to study 
the structure of divergent terms and the details of renormalization procedure. The action 
fj2.6|) is invariant under the following residual gauge transformations 

S(j) = -SIA^dmX, 50 = 0, 

= -4/(a^^rfc)^5^A, 6^1 = 0, (2.14) 
6A^ = (1 + 4/0)9„A, 6V'' = , 

with A being the gauge parameter. Note that the gauge field has a non-standard 
transformation law. However, after the redefinition A^ — > ctm = ^m/(l + 4/0) the new 
field am has the standard gauge transformation law 6am = dm^- Therefore, the standard 
Lorentz gauge fixing condition reads dmdm = 0, or 

dm ^"^ _ = 0. (2.15) 

Further we follow the routine Faddeev-Popov procedure to fix the gauge freedom in 
the functional integral. Let us introduce the corresponding gauge-fixing function 

A f) A — A n 

m = = = , 2.16) 

1+4/0 1+4/0 ' ^ ' 

where 

Gm{x) = dmHl + ^^{x)]. (2.17) 
The function ()2.1(ij) transforms under the gauge transformations ()2.14j) as 

= f-T^ = (2.18) 

Therefore the action for the ghost fields is just the action of free scalars 

Spp = [ d^xhUc. (2.19) 
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The generating functional for the Green's functions is now defined as ^ 

Z[J] = j V{4>, ^, ^, ^, A^, b, c)S{x - ^niA^^^d^)e-5('5si'M+5FP+s.7) ^ (2.20) 



where 



Sj = J d\[<PJ^ + + ^L(</*)r + ^^c.{J^Y'' + A^{JA)m] (2.21) 

and J^, J^, (J^)", (^*)*", (^yi)m being sources associated with the fields 0, 0, \E'^, ^^jq, 
We have inserted into ()2.20j) the functional delta-function which fixes the gauge 
degrees of freedom in the functional integral over the gauge fields. This delta-function 
can be easily written in the gaussian form by averaging ()2.20|) with the factor 

1 = j i);^e-f /'='W(i+4/<^)^ = Det-^/2[5^(x -a;')(l + 4/0)'] • (2.22) 
The functional integral ()2.22|1 generates the following gauge-fixing action 

— '2 J ^ ^[{(^mAm) 2(9mAmA„(jr„ + A^^AnGmGn] ■ (2.23) 

Here a is an arbitrary parameter. For simplicity, in sequel we set a = 1 . As a result, the 
generating functional (j2.2Uj) can be represented in the following form 

Z[J]= y"r'(0,0,^,^,Am,6,c)e-5(^*°'+^^^+^-'), (2.24) 

where 

>S'tot = SsYM + Sgf 

r f ATA a / 



1 + 4/0 J ' '"'^ \^l + 4/0 
-AnDAn - AnGmdnAm + AAOmAm + e^G^A^^.A, 



(2.25) 



The functional integral ()2.24|1 with the action ()2.25j) requires several comments. 

1. The ghost fields b, c enter the action only through their kinetic term. Hence, they 
fully decouple and can be integrated out. 



^Note that the functional integral in the Euclidean space is defined as / 2?$e 2-^[*l as compared with 
the Minkowski space definition J P^e^-^I*!. 
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2. The action ()2.25|) defines the propagators and vertices, all what we need for per- 
forming quantum computations in the model. Upon a careful examination of the 
Feynman rules, one can prove the following statements (see Appendix A. 2): 

i. The one-loop effective action in the model is exact since it is impossible to 
construct any higher loop diagrams; 

ii. The fermionic fields \E'^, ^'^ do not produce any quantum corrections to the 
effective action (excepting for tree diagrams); 

iii. Only the field (p can appear at the external legs; 

iv. The only contribution to the effective action comes from the vector loops with 
arbitrary numbers of external legs. 

3. Note that the field (p enters the action ()2.25|) only in the dimensionless combination 
{1(f)) . Then, by the dimensionality reasoning, the most general form of the effective 
action depending on {1(f)) should be of the following form 

rf^x[/i(/0)/2n0n0 + /2(/0)/'n09^09^0 + Mi^)i\d„,^d^^)^] , (2.26) 

where /i, /2, /s are some functions. The Feynman graph computations should 
specify the unknown functions in ()2.26|) . 

The property iv implies that the effective action can be written as ^ 

~ 2'''''6Ap{x)6Ag{x')' ^ 



where the action S is the last line in ()2.25|) 

S= f d^x 



A r\A -i- A n r) A — A n r) A — p n a Ft a 

The second functional derivative in ()2.27p can be easily calculated 

6^S 



(2.28) 



-6pgn6\x - x') + 4Gigdp^S\x - x') + 2£pg^„G'"9"5^(a; - x') . (2.29) 



6Ap{x)6Ag{x') 
Substituting the expression ()2.29p into ()2.27p we have 

r^"'"'' = ^TT\n[6pg6\x-x')+4Gipdg]^6\x-x')-2spg^nGm^6\x-x')] 

= -Tr ^ ^^^[4G[p9,]-(5^(x - x') - 2epgmnGm^6\x - x')y . (2.30) 



•^Note that the one- loop effective action in the Euchdean space is given by F = iTrlnS"'[$] rather 
then the Minkowski space expression T — |TrlnS"'[$] . Here S"'[$] is the second functional derivative of 
the classical action. 
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The sum in ()2.30|) is taken over the external legs Gm, where the field Gm depends on 
according to the definition ()2.17|) . Note that the expression ()2.30p can be equivalently 
rewritten in the form 



^SYM 



^ oo 



where we have introduced the superfield 



X 



mnp 



Gfn^np 



GpS^n GqEqpjim • 



(2.31) 



(2.32) 



The representation of the action (j2.31|) in terms of Feynman diagrams is given in the 
Appendix A. 2 (Fig. la). 

The propagators in ()2.30p appear in the combination dmO~^6'^{x — x') . On the di- 
mensionality grounds, only the expressions like 



(2.33) 



are divergent, all higher powers of these expressions produce finite contributions to the 
effective action. Therefore, only two- three- and four-point diagrams make the divergent 
contributions to the effective action (note that the external line is that of the field Gm)- We 
are interested solely in the divergent contributions to the effective action, so we consider 
the calculations of two-, three- and four-point functions separately. 
According to eq. ()2.3()j) . the two-point function is defined by 



^S^{x - x') 


2 


^6^{x-x') 


3 


^-^5\x - x') 
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^SYM 



(fxid*X2[2Gyq{xi)dp\^5'^{xi - xa) + epqrnnGm{.xi)dn-^5^{xi - 0:2)] 

1 1 

y<[2G[p{x2)dq]—5^{x2 - Xi) + egprsGr{x2)ds—S^{x2 - Xi)] . (2.34) 

Unfolding the product of square brackets in ()2.34|1 and passing to the momentum space 



we find 



T^SYM 

^ 2 



(2^ 



e'P-''-Gm{p) , S\x- x') 



d'^p 



(2vr) 



G^{p)Gr{-p)[2SmsSnr - "^S^mrSns] dk 



,4,kn{p + k)s 



k^{p + ky 



[2.35) 



(2.36) 



The divergent momentum integrals are calculated in the Appendix A.l (eqs. (jA.lOj) . 
(jA.lljl ). Further we shall consider only the divergent part of the effective action ()2.3(ij) ^ 



■^SYM 
2,div 



J^:^{Gm{p)-iPmPn + -^^)Gn{-p) - G^^P^Gr. 



(2.37) 



''in the dimensional regularization scheme all divergencies of the effective action appear with the 
gamma-function factor r(e) = -j — 7 + 0{e) . Here e — 2 — d/2 , d is the dimension of space-time, 7 is the 
Euler constant. Therefore, all divergent contributions to the effective action enter with the factor 1/e, 
e ^ 0. 
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Switching back to the coordinate space and applying the relations ()2.17|) we obtain: 

^'J- = 16^ / d'xHl + 4I^)nHn{l + 4I^). (2.38) 
Consider now the computation of the divergent part of the three-point function 



A f 1 

y^[{Gu{x2)dw - Gw{x2)du - euwrsGr{x2)ds)-^6'^{x2 -x-i)] 
x[{G^{x^)dt - Gt{x^)d^ - eu,tpqGp{x:i)dq)^5^{x:i - xi)] . (2.39) 

As in the previous case, we do the products of all brackets, pass to the momentum space 
and regularize the divergent integrals according to eq. ()A.12|) . As a result, we arrive at 
the following expression for the divergent part of the three-point Green function 

-pSYM _ I r4 ^ r f) r 

\- ! d^xdrnMl + AmdrnMl + Amu\Tiil + AI$). (2.40) 
He J 



47r2 

Here we made use of the definition ()2.17|1 . 

The same machinery can be applied for computing the four-point Green function 

^SYM ^ _2Tr[(2G'[,(x)9,]-£„G^(a;)90^5^(a;-x')]' 

= -2 J d'^Xid'^X2d'^X^d'^Xi[{Gpdq- Gqdp- epiqqipGpidqi)-^5'^{Xi- X2)] 

X [{Gqdm — G„idq — mn' qG m'dn'^-^'^{x2 ~ 2:3)] 
x[(G'rrt9„ — Gndm — ^r'ns'mG r' dsi)-^5^ {x^ — X4)] 

X [{Gndp - Gpdn - etpunGtdu)-^5^{xi - xi)] . (2.41) 

The divergent part of the action (j2.41|) is given by (after regularization of momentum 
integrals in accord with ()A.13|) and careful counting of the coefficients) 

rf^f = -T7:V / d^x{G„,G„,f = --^ [ rf^x[a^ln(l+4/0)a^ln(l+4/0)]2. (2.42) 

Finally, we should put together the divergent contributions from two-, three,- and 
four-point functions given by (|2.38|) . (|2.40|) and (|2.42|) . The result is the total one- loop 
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divergent contribution to the effective action in the deformed M = (1, 1) SYM model 



rf^^ = ^ /rf^a:ln(l + 4/<^)tfln(l + 4/<^) 



\- [ (i^x9^1n(l + 4J0)5„ln(l + 4J0)nin(l + 4/0) 
T^e J 

j d^x[dra ln(l + AI^)dm ln(l + 4J0)]2 . (2.43) 
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The expression ()2.43p . modulo a total derivative under the integral, can be equivalently 
rewritten as 

.SYM - I ^4 /'n^n*^ 6 f ^4 Am^dm4>drr ^ 



'^^'^ 7r%y (1 + 4/0)2 (1 + 4/0)3 ^ ' 

The action (j2.44j) is the complete divergent part of the effective action in the deformed 
abelian N = (1, 1) gauge model. It matches with the previously guessed structure ()2.26|) . 

At first sight, the model looks non-renormalizable, since the quantum computations 
produce the terms ()2.44p which are absent in the classical action ()2.6p . Therefore, in order 
to make the model renormalizable we are led to extend the classical action (j2.6p by the 
two extra terms 

j ^ ^(1 + 4/0)2 + ^ (1 + 4/0)3 (2-45) 

with some coupling constants ci, C2 . However, both these terms can be removed by 
shifting the scalar field in the classical action 

Pui 4/3a„,0a„0 , , - - , , 

— ^0-2ci- ^-2c2- — ^ Z , while — ^0. 2.46 

^ ^ (1 + 4/0)2 '(1+4/0)3' r r K J 

Therefore, the A/" = (1, 0) gauge model is renormalizable in the sense that all divergencies 
can be removed by the redefinition of the scalar field . Note that the redefinition of 
fields of the form ()2.46|) can be made in the functional integral ()2.24|) . Since the Jacobian 
of such a change of functional variables equals unity, the terms ()2.45|) . being added to 
the classical action (j2.6|) . do not make new contributions to the effective action. In the 
language of Feynman diagrams this means that the terms (j2.45|) generate new vertices for 
the scalar field. But due to lacking of the propagator (00) , no loops with such vertices 
can be constructed. 

This situation is completely analogous to the M = (1/2, 0) SYM model considered in 
[TH] where it was demonstrated that the quantum computations in this model generate the 
divergent terms which are not present in the classical action, but these extra divergencies 
can be removed by a simple shift of the gaugino field (the lowest component in A/" = (1,1) 
gauge multiplet). In our case the divergencies can also be removed by the shift of lowest 
component of Af = (1, 1) gauge multiplet (scalar field). 

To summarize, we have calculated the full divergent contribution to the effective action 
in the deformed abelian J\f = (1, 1) gauge model. It can be written in the form of two 
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terms ()2.44|) . Both these terms can be removed by the redefinition of classical field (j) of 
the form ()2.46|) . Therefore the abelian deformed M = (1, 1) gauge model with the action 
()2.6|) is renormalizable. It is easy to see that the divergent terms ()2.44|) vanish on the 
classical equations of motion, therefore the S-matrix in this model is divergence-free and 
in this sense one can say that the model under consideration is finite. 

3 Renormalizability of non-anticommutative neutral 
hypermultiplet 

In this Section we prove the renormalizability (finiteness) of the non-anticommutative 
model of a neutral hypermultiplet interacting with an abelian gauge superfield. Firstly 
we consider the case when the gauge superfield is treated as an external background and 
then the case of general J\f = (1,0) non-anticommutative model, with both gauge and 
hypermultiplet superfields on equal footing. 

Let us extend the non-anticommutative U{1) gauge model ()2.6|) by adding the hyper- 
multiplet fields interacting with the vector multiplet. As pointed out in 0, it is possible 
to consider here the adjoint and fundamental representations of non-anticommutative 
U(l) group. These theories are called the neutral and charged hypermultiplet models, re- 
spectively. We will study further only the neutral hypermultiplet model since it becomes 
free in the undeformed limit 1^0 similarly to the deformed abelian supersymmetric 
gauge model considered in Sect. 2. The model of charged hypermultiplet is essentially 
different since it retains a non- vanishing interaction in the limit / — and the considera- 
tions of quantum aspects of this model within the component field formulation is a much 
more complicated problem. The problem of computing the effective action in the charged 
hypermultiplet model will be treated elsewhere. 

The classical action of the neutral hypermultiplet model in the harmonic superspace 
[23] is given by j7j 

Si^yp = j dCdu q+{D++q+ + V++ ^ g+ - g+ ^ V++) . (3.1) 

Here g"*", are hypermultiplet superfields, V^^ is the vector multiplet field, D^^ is the 
harmonic covariant derivative, dC,du is the integration measure of the analytic harmonic 
superspace. For details of the harmonic superspace approach see, e.g., book [27. The 
action (|3.ip is invariant under the following gauge transformations 

5g+ = [g+,A]„ V = [9+,A]., = + A], (3.2) 

with gauge parameter A being analytic superfield. It is obvious from ()3.1|) that the model 
under consideration becomes free in the limit / — > . 

The component form of the action (|3.1|) (with the auxiliary fields eliminated) was 
given in [7j: 

i(l + Al^ydmr'dmfak + ^(1 + AI^)p'^'^daaX: 
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+mtPyaar'' + 2lIp^'^A^dmPc.a + Z . (3.3) 

Here f""^, p"'^, Xa physical scalar and spinor fields of the hypermultiplet, 0, A^, are 
physical scalar, spinor and vector fields of the vector multiplet. The indices a, k running 
over 1, 2 are doublet indices of two independent internal symmetry SU(2) groups. 

Like in the case of the non-anticommutative gauge theory, we can give a formal proof of 
renormalizability of the model (j3.3|) by applying the Wilsonian criterion [221 • According 
to eq. (j2.12j) . we should ascribe the following asymmetrical scaling dimensions to the 
component fields of the hypermultiplet, 

[n = l, [Pn = l, [Xa] = 2. (3.4) 

Using eqs. ()2.13|) . ()3.4|) . it is easy to check that the dimensions of all operators in the action 
fl3.3|) are just 4: 

[(1 + AI^fd^r>^dmfak\ = 4, [(1 + 4J0)p"'^9„^xf ] = 4, 

mp^adac^r"] = 4, [p'^'^A^dmPaa] = 4, ^^^-^(^^ A^)] = 4. ^""-^^ 

Therefore, the action ()3.3|) satisfies the conditions of the Wilsonian approach, and the 
abelian neutral hypermultiplet model is renormalizable. However the details of the renor- 
malization procedure require further analysis. 

Now we are going to compute directly the divergent contributions to the effective 
action of neutral hypermultiplet model. As a prelude, let us comment on the structure of 
eq. (Q. 

1. We consider the fields of the gauge multiplet (0, Am) as the external fields which 
are not quantized. The quantum fields are physical fields of the hypermultiplet. Note 
that the hypermultiplet fields enter the action ()3.3|) only quadratically, therefore the 
effective action in this model is automatically one- loop exact. This is also clear from 
the form of the superfield action (|3.ip . 

2. As proved in Appendix A. 3, the terms in the second line of ()3.3p do not make any 
contribution to the quantum effective action since the corresponding vertices appear 
without their conjugates, and so the Feynman rules do not allow to compose any loop 
from such vertices. Therefore for quantum calculations only first two terms in the 
action ()3.3|) are really essential, and in what follows we can limit our consideration 
just to these terms. 

3. The first two terms in ()3.3p depend only on the background field (p. Therefore, 
the whole effective action is a functional of the form ()2.26|) containing only (p- 
dependence. 

4. It is easy to prove that the term |(1 + AI(l))p"'°'daaXa^ which is responsible for the 
fermionic loop, does not make any non-trivial contribution to the effective action. 
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Indeed, let us consider a part of the one-loop effective action which is produced by 
this fermionic loop 



ferm 



-Tr In 



5^ Si 



hyp 



5p"'^(x)5x^(x') 



-Tr In 



= -2TTln[-{l + AI(j))6\x-x')]-2TTln[daaS\x-x')]-0. (3.6) 

Both terms in the second line of (j3.6|) make only trivial contributions to the effective 
action and so can be discarded. 

Taking into account these remarks, the effective action in the hypermultiplet model 
(13. 3p is defined by 



1 r)2 
Yhyp = In 

2 6f-'^ix)6fa'Ax') [2 



^ / d^xil + AI^fdmr'd^L 



ak 



(3.7) 



Calculating the functional derivative in (j3.7p and performing some further manipulations, 
we find 

Yhyp = 2TT\n[{l+AI^)^n6\x~x')+d^{l + 4I^)^d^6\x-x' 



2Trln [{1 + AI (f)fn6\ 



X — X 



+2Trln 



(5^(x - x') + 2—Gm{x)dmS'^{x - x) 



□ 



(3.^ 



The second line of (|3.8p does not contribute to the effective action since it is proportional 
to (5^(0), which is zero in the dimensional regularization scheme. Therefore, making a 
series expansion of the expression in the last line of ()3.8|) . we obtain the following formal 
answer for the effective action, 



Y^yp = 2Tr ^ 



(-1) 



n+l 



n=l 



n 



— G,n{x)dmS^{x - X') 



(3.9) 



Eq. ()3.9p is the starting point of the perturbative calculation of the one-loop effective 
action in the neutral hypermultiplet model. Resorting to the dimensional arguments, like 
in the gauge model considered in Sect. 2, it is easy to show that only two-, three-, and four- 
point functions are divergent since they contain the momentum integrals corresponding 
to the expressions ()2.33|1 . As far as we are interested only in the divergent part of the 
effective action, we will consider the computation of two-, three-, and four-point diagrams 
separately. 

According to eq. ()3.9|) . the two-point function is defined by the expression 



■^hyp 



-4 / d'^xid'^X2Gmixi)Gnix2)-^5^ixi - X2)-^5^ix2 - Xi) . (3.10) 
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Passing to the momentum space by the standard rules ()2.35|) . we obtain 

The divergent momentum integral was calculated in the Appendix A.l (eq. ()A.10|) ). Here 
we need only the divergent part of this integral which reads 



= 1^ / ^,GMGn{-p) { PmPn + ) • (3.12) 



Switching back to the configuration space, we obtain the divergent two-point contribution 
to the effective action 

^2%^ = 3^^g^2 j d'^x[Gm{x)dmdnGn{x) + (x) DG^ (x)] 

= ^ /"rf^xln(l + 4J0(x))tfln(l + 4/0(x)). (3.13) 

IQn^e J 

Up to the sign, the expression ()H.1H|1 is equal to the divergence of two-point function 
()2.H8|1 in the gauge model. 

Consider now the three-point function 

^hyp ^ ^ j d^Xid'^X2d^X^Gm{Xl)Gn{x2)Gp{x^) 

x^5^(xx - X2f^5\x2 - x,f^5\x, - X,) . (3.14) 
Passing to the momentum space, we obtain 

X f i*k'-^§ZlM^ , (3.15) 

The divergent part of the momentum integral was calculated in the Appendix A.l, eq. 
()A.12jl . Using this result, we find 

^tL = j ^ ^(27r7^f ^^ ^^{Pi +P2+ P3)[Gm{pi)Gm{p2)Gp{p3){2pi + pa)^ 

-Gm{Pl)Gn{P2)Gm{P3){Pl + 2p2)n - (Pl ) (^2) (Ps) (Pl - P2)m] 

d'^x{dmG^)GnGn. (3.16) 



87r% 

Thus the contribution to the divergent part of the effective action from this term reads 
TafL = -^J c?'a;nin(l + 4/0)'9nln(l + 4J0)a„ln(l + 4J0). (3.17) 
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Finally, let us consider the computation of four-point function 

p^J/P = — 8 y d'^Xid'^X2d'^X3d'^X4Gm{Xl)Gn{x2)Gp{x3)Gr{x4) 

d d d d 

X-^5^(xi - X2)-^5^(X2 - X3)-^5^(X3 - Xi)-^5'^{Xi - Xi) 

^^^^Yi) G„,{pi)Gnip2)Gp{p3)Grip4)5^{pi + P2 + P3 + Pi) 

f ,ij kmjk - P2)n{k + Pi + P4)p{Pl + k)r , . 

J k\k-p2Y{k + pi+p4f{pi + kY - ^- ' 

Substituting the expression (jA.13j) for the divergent momentum integral, we obtain the 
following expression for the divergent part of four-point function 

^i^iv = J ^^^^yi^ S'^{pi+P2+P3+P4)3G:miPl)GmiP2)Gn{p3)Gnip4) 

= -TT^ [ dHGUx)Gmix)? . (3.19) 
As a result, the corresponding contribution to the effective action is given by 

r?L = -TtV / d^x[dmH^ + AI^)dm\na + AI^)]'. (3.20) 
iovr^e J 

Now we sum up all the divergent contributions to the effective action found above, i.e. 
dSm, (HnTj) and (IT^ 

r£ = -^y"rfSln(l + 4/0)n2ln(l + 4J0) 

d'^xD ln(l + 4/0)9„ ln(l + 4/0)(9„ ln(l + 4/0) 

-TTiV / ^'^[^- 1^(1 + 4^*^)^- 1^(1 + 4^'^)]' ■ (3-21) 

After some work all three terms in the effective action ()3.21|) can be shown to reduce to 
the following simple expression 

7r%y (1 + 4/0)2- ^3-22) 

The expression ()3.22p represents the complete divergent contribution to the effective action 
in the deformed model of hypermultiplet interacting with the abelian gauge multiplet. 
Once again, eq. (j3.22p matches with the general ansatz (j2.26|) . 

As in the deformed gauge model, in order to cancel the divergent term ()3.22p one 
should add the corresponding counterterm to the classical action of the gauge model 



1 
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()2.6|) . In other words, to make the model renormahzable we should add to the classical 
action ()2.6|) the expression 

cJ^^x/W , (3.23) 



(1 + 4/0)2 

where ci is some constant. Remarkably, in a close similarity to the consideration in 
the gauge model, the expression ()3.23j) can be completely absorbed into a redefinition of 
another scalar field of the gauge multiplet in the classical action of the gauge model: 

0_^0_2ci ^'°f.,, , while 0-^0. (3.24) 
(1 + 470)^ 

Therefore, the appearance of such a divergent term does not spoil the renormalizability 
of the theory in the sense that it can be removed by redefining the scalar field (j). On the 
quantum level, the term ()3.23|) does not make any contribution to the effective action of 
the model since we can perform the change of functional variables fl3.24|) in the functional 
integral. 

Let us now consider the general abelian M = (1, 0) non-anticommutative model of 
gauge superfield field interacting with the hypermultiplet matter. It is described by the 
classical action 

S = SsYM + Shyp, (3.25) 

where Ssym and Shyp are given by ()2.6|) and ()3.3p . Using the Feynman rules developed in 
the Appendices A. 2, A. 3, it is easy to demonstrate that the total divergent contribution 
in the model ()3.25|) is a sum of divergencies of each model ()2.44|) and ()3.22|) 

The divergent term (j3.26|) can also be removed by a shift of the scalar field 

^ — (1 + 4/0)3 - (3-27) 

where C2 = —Q/{Ti'^e) in this case. After the field redefinition ()3.27p the effective action 
of general abelian M = (1,0) non-anticommutative model is divergence-free. Since the 
divergent term (j3.26j) vanishes on the classical equations of motion, the S-matrix in this 
models is finite. 



4 Seiberg-Witten map and renormalizability 

The Seiberg-Witten map for Af = (1,0) gauge model (j2.6j) was found in [U]. After the 
redefinition of fields 

if = + 4/(l + 4/0)-i[A^A^ + 4/2(9„0)2], 
am = (l + 4/0)-M„, ^1 = {l + AI^)-'^l 

^ki ^ (l + 4/0)-i[P'=' + 8/(l + 4/0)-^^^^f°'] (4.1) 
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the action ()2.6|) simplifies drastically to 



SsYM = / rf'x(-^<^n0-zC5„<iV^"' + 



/ d x(l -|- 4/0) (yfmnfmn ~l~ mnr s f mn f r s) • (^•2) 



Here /^n = c^mO-n ~ dnCim- Note that the spinor and auxiliary fields are free, while the 
interaction between the vector field and the scalar in the second line of ()4.2|) is still 
essential. 

The action (j4.2j) is invariant under the abelian gauge transformations 

= dmX (4.3) 

with A being the gauge parameter. Therefore we use standard Lorentz gauge fixing 

dmam = . (4.4) 

Following the Faddeev-Popov procedure for constructing the functional integral, we in- 
troduce the gauge fixing function 

X = dmam , (4.5) 

which transforms as 6x = OX . Therefore the ghost fields do not interact with other fields 
and completely decouple. The ghost action is given again by eq. ()2.19p . The generating 
functional for Green's functions is now given by ^ 

Z[J] = J Vi<f, 0, V, i', am, b, c)S{x - 9„a'")e-^(^^^«+^-^+^^) , (4.6) 

where 



Sj = J d^x[ifJ^ + <PJ^ + <( J^)r + ^^a{J^T + a™( Ja) J • (4.7) 

To represent the delta-function in the Gaussian form, we average the equation ()4.(j|l with 
the functional factor ()2.22j) . As a result we obtain the gauge fixing action in the form 



^9f=2j "^^(^ + 4/0)'5ma™9„a, . (4.8) 

For simplicity we choose the gauge fixing parameter a to be unity, a = 1 . As a result, 
the generating functional ()4.f)|l reads 

Z[J] = I V{^, 0, iP, tp, am, b, c)e"^(^-+^-^+^-') , (4.9) 



''Note that the Jacobian of the change of functional variables H4.1|l is unity since this redefinition of 
fields is local. 
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where 



and 



Stot = SSYM + Sgf = J d^xi-^ipD^ - l^^d^ai^"" + y^'dkl) + Sa , (4.10) 



S. = ll d^l + Aimd^a^d^a. + a.a„a.a„ - d^a^a^ + e^...0^a.0.a.) . (4.11) 

It is evident that the scalar and spinor fields as well as the ghosts do not contribute 
to the effective action. The only contribution comes from the part ()4.11|) . namely 

1 c 



2 6ap{x)6aq{x') 
= ^ Tr \ia[6pqD6'^{x - x') + 26pgGmdmS^{x - a;') 

+ 4G[pd,]6\x - x') - 2ep,mnG^dj\x - x')] . (4.12) 

The field Gm{x) was defined in eq. p.l7|) . The expression ()4.12|) is the starting point for 
perturbative calculations of one-loop effective action in the M = (1,0) non-anticommu- 
tative SYM model. Note that it resembles the first line of eq. ()2.H0j) . except for the term 
'^8pqGmdm^'^{x — x') . Therefore the further computations are very similar to ones given in 
Sect. 2. As usual, only two-, three- and four-point diagrams are divergent. The two-point 
function is given by 

/I 1 
d'^Xid'^X2[5pqGm{Xi)dm-^5'^{Xi - X2) + 2G[p{Xi)dq]—5^{Xi - X2) 

+ £qpmnGm{,Xi)dn^5^{Xi - X2)] [5gpG'„(a;2)9„^5'^(x2 - Xi) 

+ 2G[q{x2)dp]^6'^{x2 - xi) + epqrsGr{x2)ds-^5'^{x2 - ^l)] . (4.13) 

To proceed, we pass to the momentum space and compute the divergent momentum 
integrals according to eqs. ()A.10|) . ()A.11|) . As a result we find that the two-point function 
fl4.13|) has no divergent contributions, i.e. 

rfjr = 0. (4.14) 

The absence of divergencies here is owing to the term 2bpqGmdm^^ix — x') in ()4.12j) and 
fl4.13|l . It gives the contribution which exactly cancels the expression ()2.38j) obtained by 
similar calculations without this term. 

The three- and four-point functions are defined by the following formal expressions: 

rr^"' = ^i:i[{6pqGm{x)dm + 2Gyp{x)dq^-epq^nG^{x)dn)y\x-x')]\ (4.15) 
^SYM ^ -2Tr[{5pqGrn{x)^rn + 2G^{x)^q^-epq^nG^n^{x)^n)y\x-x')]\ {A.IQ) 

19 



The further computations are very similar to those in Sect. 2, but with taking into ac- 
count the term 26pqGmdmS^{x — x') . After carefully tracking the coefficients during the 
computations, we find that the three- and four-point functions also have no divergences, 

rf,r = o, rf,^f = o. (4.17) 

As a result, we conclude that the abelian Af = (1,0) non-anticommutative gauge model 
(14. 2|) is completely finite, thus 

rf^' = (4.18) 
without the necessity to perform any field redefinition such as ()2.46|) . 

The absence of divergencies in the abelian TV = (1, 0) non-anticommutative gauge 
model confirms the results of Sect. 2, where these calculations were performed without the 
use of Seiberg-Witten map (jHH). This is a consequence of the fact that the considered 
model has a very specific interaction due to the non-anticommutativity. 

One more important comment to be added is as follows. The abelian A/" = (1, 0) non- 
anticommutative gauge model is described by the classical actions ()2.6|) or ()4.2|) which 
are related to each other through the Seiberg-Witten map ()4.1|) . It is obvious that the 
Jacobian of such a change of functional variables ()4.H1 is unity (in the sense of dimensional 
regularization). Therefore the effective actions in these two models should also be related 
by the Seiberg-Witten map. As for the divergent part, we observe that it is trivial for both 
models ()2.6p and ()4.2|) . since it can be removed by the shift ()2.46|) of the scalar field 0. 
Note that this explains the appearance of only two out of three possible divergent terms 
(j2.26|) . Indeed, if the third term proportional to / (i'*a;/3(J0) (9^019^0)^ appeared in 
the divergent part of the effective action, it could not be removed by any shift of the scalar 
field , which would mean the presence of a nontrivial divergence in the model. However, 
we have seen in this Section that the effective action in A/" = (1, 0) non-anticommutative 
gauge theory is finite. 

Let us consider also the general model of an abelian A/" = (1, 0) non-anticommutative 
gauge superfield interacting with a neutral hypermultiplet. It is described by the sum 
of the classical actions (j2.6|) and (j3.3p . In [7j it was shown that, after the appropriate 
redefinition of fields (Seiberg-Witten map), the action of this model is given by 

S = So + S,, (4.19) 

Si = j ^'a;[i(l + 4/0)2(/„„/„„ + ]^ernnrsfmnfrs) + /(I + 4/0)" ^^^P^/a^g] (4.21) 

where fap = i{daaO''^ + f^/3dfla) is one of two self-dual parts of the Maxwell field strength 
fmn ■ The corresponding Seiberg-Witten map reads 

fak = (1 + 4/0)/"'= , p""^ = (1 + 4J0)p"'^ , 

(p = <^-4/(l + 4/0)(rVafc), 

4" = 4/(1 + 4/0) (p^Vafc). (4.22) 
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Note that the action 5*0 ()4.20j) is free and it does not contribute to the effective action. 
It is easy to demonstrate that the last term in ()4.2H) also does not give rise to any 
quantum correction since it is impossible to form any loop with such interactions. The 
only non-trivial contribution to the effective action comes from the first term in (j4.2ip . 



This expression just coincides with the one present in the gauge theory action ()4.2|) . 
Thus the quantum computations tell us once again that the general abelian M = (1, 0) 
non-anticommutative model is finite 



This result agrees with the one of Sect. 3, modulo some divergent redefinition ()3.27j) of the 
scalar field (p . 

To summarize, the use of the Seiberg-Witten map in the models under consideration 
makes it possible to avoid the divergent expressions in the effective action from the very 
beginning. Otherwise, such expressions appear but they are removable by some divergent 
redefinition of the scalar field (p ■ 

5 Concluding remarks 

In this paper we addressed the problem of renormalizability of two supersymmetric mod- 
els with the nilpotent singlet deformation TV = (1, 1) — = (1, 0): the model of abelian 
J\f = (1, 1) gauge vector multiplet, as well as the model of abelian vector multiplet inter- 
acting with a neutral hypermultiplet. Our main conclusion is that both these models are 
finite. 

The consideration is based on component field computations of all divergent Feynman 
graphs and their regularization. We observe the following common features peculiar to 
both considered models. 

1. The renormalizability of these models can be established by ascribing non-standard 
scaling dimensions to the component fields and then resorting to the general Wilso- 
nian argument. 

2. The effective action is defined only by one-loop contributions. The vertices cor- 
responding to the new interaction induced by the non-anticommutativity have a 
very specific structure that ensures the absence of higher-loop contributions to the 
effective action. 

3. The analysis of the Feynman rules in the models shows that the effective action 
depends only on the field (but not on (p). In other words, only the field (f) can 
appear as the external legs while other fields can propagate only inside the loop. 




(4.23) 



div 



0. 



(4.24) 
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4. The diagrams with fermionic fields inside the loop do not contribute to the effec- 
tive action (more precisely, these diagrams give an infinite contribution which is 
commonly discarded within the dimensional regularization scheme). There are only 
two types of non-trivial diagrams: with the vector field inside the loop in the gauge 
model and with the scalar fields inside the loop in the hypermultiplet model. 

5. The divergent diagrams carry only two, three or four external legs. Any diagrams 
with more external legs are convergent. 

6. The total divergent contribution to the effective action can be written in the form of 
two terms ()2.45|1 or one term ()3.23|1 . which are absent in the original classical actions 
of the gauge model or the gauge-hypermultiplet model, respectively. However, these 
divergences can be eliminated by simple redefinitions of the scalar field as in ()2.46p 
or ()3.24j) . Since such a change of fields can be performed in the functional integral 
defining the effective action (the Jacobian of such a change is unity), we conclude 
that all divergencies can be eliminated by such redefinitions. An important property 
is that the coupling constant (deformation parameter) I is not renormalized, so its 
/3-function is equal to zero. Note also that the divergent terms (|2.45l3.23p vanish on 
the classical equations of motion, therefore the S-matrix is divergence-free. In this 
sense the considered models are finite. 

7. In the M = (1, 0) non-anticommutative gauge models, both with and without the 
hypermultiplet, there exists a Seiberg-Witten map which essentially simplifies the 
classical actions of these theories. It is an amazing feature of the considered mod- 
els that in terms of the new fields (after performing the Seiberg-Witten map) the 
quantum effective action is completely free of divergencies. This emphasizes the 
"unphysical" nature of the divergent terms which appear when using the original 
fields (before performing the Seiberg-Witten map). 

All these properties look rather strange since they are not featured by conventional field 
models. However, these peculiarities are explained by the fact that the considered models 
become free when the non-anticommutativity is turned off. In this connection, it seems 
important to study the renormalizability and the problem of effective action in various 
TV" = (1,0) non-anticommutative models which remain interacting in the undeformed 
limit. One of the simplest theories of this kind is a charged hypermultiplet interacting 
with an external abelian gauge superfield. As is well known (see e.g. |23 I^H]), the low- 
energy effective action of the undeformed charged hypermultiplet model is described by the 
holomorphic potential. Therefore, it is very interesting to find the analogous contributions 
to the effective action in the corresponding non-anticommutative model. Note that the 
similar problems for A/" = (1/2, 0) Wess-Zumino and gauge models were successfully solved 
in the works [201 1^- Also it would be useful to investigate the next-to- leading corrections. 
In conventional (undeformed) A/" = 2,4 gauge models such corrections form the non- 
holomorphic effective potential having rather universal form 27 . It would be interesting 
to clarify the structure of next-to-leading corrections in the non-anticommutative theories. 
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Apart from the feature that the considered field theories look like the "toy" models 
since they become free in the undeformed limit, the proof of their renormalizability is 
an important first step in attacking the issue of renormalizability of deformed general 
non-abelian N = (1, 0) gauge theories. Indeed, these models appear as a U(l) part 
of general non-abelian Af = (1,0) gauge theories. The renormalizability in the U(l) 
sector is necessary (but of course not sufficient) for the whole non-abelian theory to be 
renormalizable (see, e.g., the analysis of renormalizability of the Af = (1/2, 0) SYM model 
in 112]). However, the non-abelian generalization of our results is a very non-trivial 
task, since for the time being the non-abelian deformed models are insufficiently studied 
even at the classical level [B| ^ . 

Another possible direction of extending our results is related to the issue of renor- 
malizability of non-anticommutative A/" = (1,1) models with non-singlet deformations 
considered e.g. in piU ITT]. 
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A Appendices 

A.l Divergent momentum integrals 

All divergent momentum (loop) integrals in quantum field theory can be calculated using 
the dimensional regularization. For example, there is the list of standard formulas j2H| ^ 



/ 



rr (A.l) 



(fc2 + 2fcg + M2)" r(a)(M2 -g2)a-d/2 \^ 2 



^Note that we work in the EucUdean space, therefore our expressions differ from those given in 
by the imaginary unit factor. 
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d'^kkr 



+ 2kQ + 
(P + 2kQ + M^Y 



ri Ic Ic tc tc tc 

+ 2kQ + w^y 



1 In 

r(a)(M2 -g2)a-d/2 \^ 2 



(A.2) 



TT 



d/2 



QmQrX ( ~ ^ 



+ - Q')r fa - 1 - ^ 



(A.3) 



TC 



d/2 



{k^ + 2kQ + M^Y r(a)(M2 -g2)a-d/2 



'QmQnQp^ ( a 



X (M2 - g2)r ( a - 1 - - 



(A.4) 



TT 



d/2 



QmQnQpQr^ [a ^ 



r(a)(M2 -g2)a-d/2 _ 

+ ^(^mnQpQr + permutations) (M^ - g^)r - 1 - 



+ ^('5r)m'^pr + permutations) 
X (M^ - Q2)2r - 2 - 



(A.5) 



Each of the expressions ()2.33|) has the corresponding representation in the momentum 
space: 



^5\x - x') 



4, kmip+k) 

n 



d^k 



/c2(p + /c)^ 



k"^ {k — {k + ' 
^A^km{k -p2)n{Pi+Pi + k)p{pi + k)r 



k'^{k - p2Y{k + pi+ PiY{pi + ky 
Using eqs. ()A.2|) . ()A.3|) . one can calculate the integral ()A.6|) 



4 , kmi/P ~\- k\ 



d'^k 



k'^{p + ky 



' r(4 - 2e) 



PmPn + P 



2 ^mn 



(A.6) 
(A.7) 
(A.8) 



(A.9) 



In our calculations we are interested only in the divergent part of the effective action. 
Therefore we should consider only the divergent part of the expression ()A.6j) in the limit 

£ ^ 



iAi,km{p + k)j 

k\p + ky _ 



div 



--^[PmPn+P 



(A.IO) 
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In particular, 



4 , kn{p -\- k)j 



(fk 



div 



^ 2 



(A.ll) 



The pole factor 1/e appears here from the asymptotics of the gamma-function r(£:)|e^o = 
- — 7 + 0{e) , where 7 is Euler constant. 

Similarly, using eqs. ()A.4|) . ()A.5|) . we find the divergent parts of the remaining integrals 

(EH), ^EM- 



Pl)p 



(Tk 



k\k-p2Y{k + pi) 



I 



4, km{k - P2)n{Pl +P4 + k)p{pi + k), 



ctk 



k^{k-p2Y{k + pi + p^Y{pi + kY 



div 



div 



— [(5„„(2pi + P2)p - 6pm{Pl + 2p2)n 



'SnpiPl -P2)m], 



(A.12) 



TC 



2Ae 



A. 2 Feynman graphs in SYM model 

The action ()2.25|) defines the Feynman rules in the deformed gauge model. The propaga- 
tors have the standard form in the quantum field theory listed in the following table 



Propagator 


Line 










-\ J d^xA,,DAn ^ {AUx)A^{x')) = -^5\x - X')5„,rr 





The vertices defined by the action p.25j) have quite complicated form. Schematically, 
they can be depicted as 
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Interaction 



Vertex 



1 / rf4^i6/3n09„ 



l + 4/(/) 



9„ 



5„ 



1 



1+4/0 



1 + 4J0 



4J0 




<7'^'rr4 (^r)4 — A n f) A —p n A f) A 

d^xXgrn (0) ^ndrAg , 




\ 



n=2 



_ oo _ 

n=2 



Analyzing the propagators and vertices given above, one can observe that there are 
only two types of nontrivial loop diagrams shown at Fig. 1. Both these diagrams have 
arbitrary numbers of external lines. The effective action corresponding to the diagram a) 
is calculated in Sect. 2. The sum of diagrams b) makes the trivial contribution to the 
effective action. Indeed, it corresponds to the following one-loop effective action 



Tr In 



Tr In 



M<yn)aadn5'^{x - x') 



2Trln[((T„)«^9„5^(x - x')] + 2Trln 



1 + 4J0 
5^{x — x') 
1 + 4/0 



0. 



(A.14) 
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+ 



a) 



Xi^) b) 



Y( 



Fig. 1. Two types of one-loop diagrams with vector and spinor internal lines. 



a) 




b) 



410 



4/0 

4/0 



Fig. 2. Two types of one-loop diagrams with scalar and spinor internal lines. 
Both terms in the second line of eq. ()A.14|) are trivial. 
A. 3 Feynman graphs in hypermultiplet model 

Feynman rules in the deformed hypermultiplet model are defined by the action (j3.3|) . The 
propagators have the standard form 



Propagator 


Line 




fak f 
J Ja'k' 







The vertices defined by the action ()3.3p are given in the following table 
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Interaction 



1 / dS(8/0 + lQP4>^)dmr^d^fak 
Z(0) = 8/0 + 16/202 



ak 



2l / d^xIp^'^Arr.dmPc 



Vertex 




4/0 



' ra 



\3 ■ v"" 




'Pa 

a fak 



A 



/ p 

'■-dmPo 



rl, ■ 4" 



\Pa 



Like in the gauge model, one can observe that there are only two types of nontrivial 
diagrams shown in Fig. 2. The computation of these diagrams is considered in Sect. 
3. Note that the diagram with the fermionic loop give only trivial contribution to the 
effective action, see eq. ()3.6p . 
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